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ABSTRACT7

In this paper we will talk about stochastic gravitational wave background and introduce ways to8

detect it. Then we will introduce a novel approach called topological data analysis to calculate and9

detect it.10
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1. INTRODUCTION12

Most of the gravitational wave producing events are either too faint or too distant to be individually detected by13

the current interferometers, but the superposition of their gravitational radiation gives rise to a stochastic background14

that has a higher chance of detection. On top of that, there are other processes theorized to produce gravitational15

waves which are inherently stochastic, such as inflation (ref), cosmic strings (ref), and phase transitions (ref), etc.16

Just by looking at the time series data recorded in the detectors, the various processes that give rise to a SGWB are17

essentially indistinguishable from oneanother and from noise. In order to detect and charactrize them, one needs to18

look at things such as their frequency dependency, their spacial distribution, etc. Or in our case, look at topological19

features of the data and compare them with the same feature of pure noise.20

The study of topological features of data sets, is often called Topological Data Analysis (TDA) and is a rapidly21

growing area of applied math which is also finding more and more applications in physics each day. The general idea22

behind TDA is simple: each data (if represented correctly, more on that later) has a paticular ”shape” which can be23

charactrize with a set of topological variables. The topological variables are quite ressiliant against noise, so studying24

them can help us ”find” signals among a lot of noise and essentially increase our Signal to Noise Ratio (SNR).25

In this paper, we first introduce our SGWB model and show the specral energy density plots. Then, we inject the26

simulated signals in detector noise and show the parameter estimation results with conventional ways. After that, we27

introduce TDA and build our model and show the results. In the last section we compare the results between the two28

methods and conclude.29

The standard precedure to try and detect the SGWB is to cross-correlate the gravitational wave data from different30

interferometers to supress the noise each detector has. Then a search for a SGWB signal is run on the remaning data31

to either find the paramters (e.g. intensity, powerlaw index, ...) of the SGWB or put a restraint on it. So far, the only32

signs of a SGWB detected are in the nano hertz frequency band by the NANOGrav team Agazie et al. (2023).33

No SGWB has been detected in the LIGO band (Abbott et al. (2021a,b, 2022)). The upper limits on ΩSGWB is of34

order ∼ 10−9
35

2. MODEL36

An isotropic background of gravitational waves is usually described by its spectral eneregy density and os explicitly37

dependent of frequency via38

ΩSGWB(f) =
1

ρc

dρGW (f)

d ln f
, (1)39

in which ρGW (f) is the energy density of gravitational waves at ovserved frequency f , and ρc = 3H2
0/8πG is the40
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critical density today. From this equation, we can also calculate that41

ΩSGWB(f) =
2π2

3H2
0

f3Sh(f), (2)42

in which Sh(f) is the one-sided power spectral density and can be calculted by averaging over fourier components of43

strain44

〈hA(f, n̂)h
∗
A′(f ′, n̂′)〉ens =

δAA′

2

δ(2)(n̂, n̂′)

4π

δ(f − f ′)

2
Sh(f), (3)45

where A represents the two polariztions of gravitational waves, n̂ is the spatial direction of the wave and δ is dirac46

delta.47

Apart from frequency dependence, ΩSGWB is implicitly dependent on many cosmological, astrophysical and source48

parameters which in the following we show with Θ in curly brakets49

ΩSGWB = ΩSGWB(f, {Θsource,Θastrophysics,Θcosmology, . . . }). (4)50

Generally, there are three ways to calculate ΩSGWB : (1) For some simple situations, it is possible to find a math-51

ematical expression for Ω (ref). (2) One could also cut out the middle man and run an accurate simulation for a52

large number of events and then superpose them and calculate the background (ref). (3) Lastly, there’s another way53

which we dub the Semi-Analytical approach first laid out in (this paper). According to this approach, ΩSGWB is54

represented by an integral over redshift and other implicit variables and one needs to take the integral to find the55

spectral density. The good thing about this approach is that one can add an arbitrary number of complications to it56

and since the resulting integral often needs to be taken numerically, we name it the semi-analytical approach.57

There are a number of ways to show this semi-analytical integral. Here, we use a combination of (ref1, and ref2):58

ΩSGWB(f, {Θ}ni=0) =
f

ρcc2

∫
dnΘi

∫
dz

cosmology︷︸︸︷
dtr
dz

dmτmerg(z,Θj)

dΘ0dΘ1 . . . dΘm︸ ︷︷ ︸
astrophysics
& cosmology

GW source︷ ︸︸ ︷
dEGW(fr,Θk)

dfr
, (5)59

In which, {Θ}ni=0 represets all the implicit variables which are integrated over and the indicies j and k run over the60

implicit parameters of merger rate and source energy respectivly. fr is the frequency of emitted gravitational waves61

in the redshift of the source:62

fr = (1 + z)f. (6)63

2.1. cosmology64

Additionally, the term dtr
dz in the 5, quanifies the amount of cosmic time which passes in an infinesimal redshift65

interval and is related to the Hubble parameter as66

dtr
dz

=
1

(1 + z)H(z)
, (7)67

which itself is related to comological parameters as68

H2(z) = H2
0

[
Ωr(1 + z)4 + (ΩDM +Ωb)(1 + z)3 +Ωk(1 + z)2 +ΩΛ

]
. (8)69

2.2. merger rate70

Ṅ =
d2τmerg(z,m1,m2, {αz, αc})

d log10 m1d log10 m2
=71

Rclust
(m1 +m2)

10/7

(m1m2)5/7
(1 + z)αz

[1 + (Mtot/M?)]
αc︸ ︷︷ ︸

PBH clustering/binary formation

primordial/thermal evolution︷ ︸︸ ︷
fPBH(m1)fPBH(m2) . (9)72

fPBH(m, {σPBH , µ}) = F0
1√

2πσPBHm
exp

[
−
(log10

m
µ )2

2σ2
PBH

]
, (10)73
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Figure 1. This plot shows ΩSGWB versus f between the frequencies of 20− 400 Hz. All the plots follow a power law at first
and then deviate from it based on σPBH . The smaller the parameter, the bigger the initial peak and the sharper the fall.

fx a1(×10−1) a2(×10−2) a3(×10−2)

fmerg 2.9740 4.4819 9.5560

fring 5.9411 8.9794 19.111

fcut 8.4845 12.848 27.299

fw 5.0801 7.7515 2.2369

Table 1. parameters used at equation 13

2.3. Source74

dEGW

dfr
=

(Gπ)2/3M5/3
c

3
G(fr), (11)75

Mc =
(m1m2)

3/5

(m1 +m2)1/5
. (12)76

G(fr) =


f
−1/3
r fr < fmerg,
f2/3
r

fmerg
fmerg ≤ fr < fring,

1

fmergf
4/3
ring

(
fr

1+
(

fr−fring
fw/2

)2

)2

fring ≤ fr < fcut.

(13)77

3. SIGNAL INJECTION78

To correctly asses the detection possibility of a simulated SGWB, one needs to have a realistic model for detector79

noise and embed signal into it before trying to test his method. Such a noise profile is called interferometers baseline80

noise and the method to embed a signal into it is often called signal injection. In order to do that, we use pygwb81

Renzini et al. (2023) which a python package heavily based on Bilby (Ashton et al. (2019)) that is optimized to help82

search for SGWB signals.83
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The way that we can use pygwb to our advantage is as follows: First we need some sort of signal to inject. Here we84

have the simulated spectral energy data that we explaind how to produce in the previous section. After that, we need85

to load interferometer objects from Bilby. these objects contain information about a particular gw detector such as:86

its location, response functions and most importantly for us, its baseline noise. The interferometers that we loaded87

for our analyses are: LIGO’s detectors located at Hanford, Washington (H1) and Livingston, Louisiana (L1), Virgo88

detector located at (folan) Italy and finally a designed cosmic explorer detector located at H1.89

When we load these detector, we add our desired SED to their baseline power and after choosing which combinations90

of detector we want for our analysis, we add them to a network object. We can then proceed to calculate cross91

correlation power spectrums for each pair of detectors and their point estimates. Finally, we run a parameter estimation92

pipeline to try and detect the injected SGWB.93

Now that we have given a brief review on how pygwb package works, let us now lay out the mathematical framework94

upon which an estimate of ΩSGWB is calculated for a network of interferometers. Here we show the formulae for two95

detectors I and J , these results can be generalized for more detectors as well. The estimation of ΩSGWB and its96

varience at a frequency bin f are given by,97

Ω̂GW,f =
Re[CIJ,f ]

γIJ(f)S0(f)
, (14)98

and99

σGW,f =
1

2T∆f

PI,fPJ,f

γ2
IJ(f)S

2
0(f)

. (15)100

Following the notation in Renzini et al. (2023), in the equations above, the subscription f shows that the function in101

question is a discrete function of frequency as opposed to the continious functions shown in prenthesis. In the above102

also, PI,f are the discrete version of Sh(f), CIJ,f is the cross-correlation spectrum, T is the total time of ovservation103

and ∆f is the frequency resolution. S0 is a conversion factor between strain and energy density defined as104

S0(f) =
3H2

0

10π2

1

f3
. (16)105

Finally, γIJ is called the overlap reduction function and is related to the detectors’ response functions FA
I as106

γIJ(f) =
5

8π

∑
A

∫
S2

dn̂FA
I (f, n̂)FA

J (f, n̂)e−i2πf,n̂·(xI−xJ ), (17)107

where xI − xJ is the distance between the two detectors.108

To give an idea on what is the response function, let’s look at this equation:109

d(t) = F (t) ? h(t) + n(t). (18)110

Here, d(t) is the recorded data on our interferometers, n(t) is the noise and h(t) is the strain signal of incoming111

gravitational waves and ? shows a convolution. In order to read h(t) then, we need to first remove the noise which here112

is done by cross-correlating between the detectors, and then mathematically remove the effect of detectors response113

function which is done using the overlap reduction function.114

4. TDA115

Here we propose a way of detecting SGWB which bypasses all the steps shown in section 3. Let’s look back at116

equation 18: in the past section, we were trying to find algorithms to extract h(t) from d(t). Here we are using a more117

indirect approach. We are aiming to find another type of algorithm which can look for a topological stucture inside118

the data which is fed into it i.e. d(t). If the noise is not too much, the method of persistence homology will be able119

to detect the traces of that topological structure and return us parameters which then we can use to recustruct the120

signal.121

Unlike the standard method laid out in the last section, the values that persistence homology returns, are not simple122

algebraic functions of the input but with a little bit of help from machine learning, we will be able to train a model123

that can take in the topological variables and recunstruct the signal.124

This method however is more resilliant to noise and hence it can help us increase the SNR for gravitational wave125

searches. A study on how to exactly do that is under way and will be published in another paper. Here we only wish126

to comapre the to methods and not combine them.127
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(a)

(b)

Figure 2. Top: Signal as seen in LIGO-Hanford detector. Bottom: Data as seen in a detector with cosmic expelorer design at
the place of Hanford detector.

5. RESULTS AND CONCLUSION128
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(a) (b)

Figure 3. (a) Parameter estimation for a network of detectors: Hanford, Livingston and Virgo. (b) Parameter estimation while
replacing the Hanford detector with a cosmic explorer detector.
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